
Math 565: Functional Analysis
Lecture 10

Existence of bod linear functionals : Hahn-Banach theorems
,

It's
easy

to build linear functionals ona-dim spaces
because we can take any function on a

linear Hamel) basic and unigely extend it to a linear functional
,
but Mistypically won't be continuous.

Net. For a real recher space X
,

a sublinear functional is a function p : X- > IB satisfying :

(i) p(x +y) = p(x) + p(y) for all x
, ) EX;

(ii) p(xx) = Xp(x) for all Xc-0 and xeX
. (In particular ,

plox) = 0
.)

Examples . All linear functionals and all semi-norms are sublinear functionals .

Real Hahn-Banach
.

Let YIX be real rector spaces , p a sublinear functional on X
,
and a line-

a functional on Y satisfying - Ply ,
i. e . fly) = ply) for all 34.. Then admits an exten-

M

sion to
a linear functional f : X-> IR satifying Fop .

Remark
. Let p be a semi-nom

.

Then F(s) < p(s) and -f(b) = fl-y) = p(y) = ply) implies
| f(y)) = p(s) .

Thus
,
the theorem will sield a functional whose p norm is :l .

Proof(A)) . We start with i a extend "one dimension at a fine" then apply Zorn's Lemma.

First
,
let's show that we can always extend by one dimension.

Let xEX1Y and we

define an extension g : Y+ /RX-> IR of fintisfying o : Plutix ·

This extension is

uniquely determined by the value g(d) by linearity ,
so it remain to choose this value

so g = Plytix .
Note that if this was satisfied

,
we would have to have fr ally

, but
Y
,

(i) fly ,
) - g(x) = g(yix) = p(y ,

- x)
, so g(x) + - f(xi) - p(y ,

-x)
.



(ii) flyz + g(x) = g(y ,
+ x) = p(yy+ x)

, so y(x) = p(yz+ x) - f(yz) .

Hence
, (i) + (ii) gives : Vs , 42t

Y
,

f(sil - ply
,

-x) = g(x) = pls ,

+ x) - f(sz) .

Thus
,

we needhe have

PFsi-pkix) = g(x)cinf pltx-f
But fly .

) - ply ,
-x) => ple+ x) - F(ya) becomeki + flsz) = fls ,

+ yu) => pls ,
+ Sc) =

= p(y ,
-X + x + yu) = Ply ,

-X) + p(x +32) .

Here we my
take a value of gix) to sality # .

It remains to check But g
: PlutRx ·

Fix yeY and X 0
,
and compote :

(i) g(y -xx) = f(y) - xg(x) = f(s) - x(f(z3) - p(zy -x)) = f(y) -x f(y) + p(y - xx) = p(-xx).
(ii) y(y + xx) = f(y) + xg(x) = f(y) + X(p(yy + x) - f((y)) = f(s) - * xf(y) + p(y+(x) = p(y + xx)

.

Now we apply torn's lemma and get an extension with maximal domain
,

which then has
to be X because otherwise we would extend further by one more dimension. Here are the details.

Zorn's lemma(=> Axiom of Choice) .

Let (P
, 2) be a partial order such that every linearly ordered subset

CEP has an upper bound .
Then P has a maximal element mep

,
i .

e. peP with map .

In our case P : = (g:-IR : EEX subspace , g
linear

, g:plz , feg) and g.. gu : g . =92
functions are just sets of pairs) . Then if C&P is a linearly ordered set of such functionals

,
then

U : = UC = U g is a linear functional on E := U domly) satisfying us pla Check
!)

,
so

nEP and 8
gen

for all get ,
have wis and upper bound of C

,
in fact

,
le least upper

bound
.

Thus
,
Zorn's lemma applies and gives a maximal FEP

.
Then dom(E) must be all of

X since otherwise
, taking xeXIdom/F) ,

we can extend Further to h : dom (f) + 1RX + 14

satisfying hep , as demonstrated above
, contradicting the maximality of .

at



Complex Hahn-Barach .
Let X be a complex recherpace and p be a semi-norm on

X
.

Let

YEX be a subspace and f a linear functional on Y satifying If(s)) < ply) forally EY.
Then fadmile an extension to a linear functional F :X- satisfying 1Flp.

Proof
. Let := Ref

,
so u is a real linear functional on Y satisfying Inly)) = /fly) =pls)

↓ all yeY ,
heare velg) = pls) FgEY . By real Hahn-Banach

,
there is an extension

: X + IR ofa scrifying <p .

As in the remark above
,
M- x) = p(x) = p(x)

and (x = p(x) implies Inc) = p(x) ,
so Inkp .

Take FN) := (x) - in(ix)
↓ all xEX . This is lineur

, by an earlier lemma
,
and IElp = Hullp ; more precisely,

for each xtX
,
take d:= sqn() ,

so IE()) = h . F(x) = F(dx) = u(dx) < p(ax) = ( - p(x) = p(X) .

DE

Main Hahn-Banach corollaries
.

Let X be a complex) morned rector space.

(a) For each closed subspace TEX and x &XY
,

7 Fex* with Hy = 0
,
f(x) +0.

In fact
,

we can ensure I/f1l = 1 and f(x) = 5 : = dist(x
,
4) := inf llx-yl. *

10) If O + xEX Man 7 FEX* sit .
1fll = 1 and f(x) = 1 x II

.

↳ Y

(c) Bounded linear functionals separate points of X ,
i. e

.

for xty in X,

there is fe X% with f(x) + fly) .

(d) For each xEX
,
define X : X

*
- & by * (f) : = f(x) .

Then l* 1 = 1x11
,

so the
map

x Hi : X-X**
is an isometry
. We identify X with its image in X

** and write Xa***

Propf
.

(a) Define f : Y + &x + D by fly + xx) = X . %
.

This is a bod linear functional with

1) All = 1 because If(y+ xx)) = 1x · ↓ <(x)/IEy + X11 = 11y + xx1) and VE3O we an choose

yeY so that lytxII :
↑ It hence z : =

1 (s+ x) has norm 1 and
1 - 2

11y + xI)

(f(z)) = 11y+ xy)f(
+ x) = +x

It & (1 -2)
7 =I-E

. A
o


